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Abstract. In this paper we rewrite a work of Sorensen to include non- 
trivial types at the infinite places. This work extends results of K. Ribet 
and R. Taylor on level-raising for algebraic modular forms on _D'* , where 
D is a definite quaternion algebra over a totally real field F. We do this 
for any automorphic representations tt of an arbitrary reductive group 
G over F which is compact at infinity. We do not assume ttoo is triv- 
ial. If A is a finite place of Q, and w is a place where ttu, is unramified 
and TVw = 1 (mod A), then under some mild additional assumptions (we 
relax requirements on the relation between w and £ which appear in 
previous works) we prove the existence of a tt = tt (mod A) such that 
TTui has more parahoric fixed vectors than n^. In the case where Gw 
has semisimple rank one, we sharpen results of Clozel, Bellaiche and 
Graftieaux according to which ff„ is Steinberg. To provide applications 
of the main theorem we consider two examples over F of rank greater 
than one. In the first example we take G to be a unitary group in three 
variables and a split place w. In the second we take G to be an inner 
form of GSp(2). In both cases, we obtain precise satisfiable conditions 
on a split prime w guaranteeing the existence of a tt = tt (mod A) such 
that the component 7f„ is generic and Iwahori spherical. For symplectic 
G, to conclude that is generic, we use computations of R. Schmidt. 
In particular, if tt is of Saito-Kurokawa type, it is congruent to a tt which 
is not of Saito-Kurokawa type. 



This paper stems from the foUowing result of Ribet [R]: 

Theorem 0.1. Let f S S'2(ro(A^)) be an eigenform. Let X\£ be a finite place 
o/Q with i>5 and f not congruent to an Eisenstein series modulo A. Let 
q be a prime number with {q,N£) = 1 and aq{f)'^ = (1 + q)'^ (mod A). Then 
there exists a q-new eigenform f G S2{To{Nq)) congruent to f mod A. 

Two eigenforms / and / are said to be congruent modulo A if their Hecke 
eigenvalues are algebraic integers congruent for almost all primes, that is, if 
ap{f) = ap{f) (mod A) for almost all p. The proof of this theorem can be 




reduced, via the correspondence from an inner form to GL(2) (see [F] for a 
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simple proof), to the corresponding statement for where D is a definite 
quaternion algebra over Q. 

A goal of this paper is to prove that an automorphic form of Saito- 

Kurokawa type is congruent to an automorphic form which is not of Saito- 
Kurokawa type. By functoriality ([Fl]) the statement can be reduced to 
that for an inner form G of PGSp(2)/F such that G(M) is compact. Indeed, 
the set of packets of automorphic representations of G(A) can be identified 
with a subset of the set of such objects on PGSp(2, A), where almost all local 
components are the same. By a form on G ~ S0(5) of Saito-Kurokawa type 
we mean the lift of 1 x p from the endoscopic group PGL(2, A) x PGL(2, A) 
to PGSp(2, A), where p is cuspidal and 1 is trivial on PGL(2, A). It is non- 
tempered at almost all places. We achieve this goal in Theorem 0.6, proven 
in Section 12. 

We apply ideas and methods of R. Taylor [Tl] and [T2]. The level-raising 
part of Taylor's proof carries over to the following more general setup. Let 
F denote a totally real number field with ring A = F^q x A°° of adeles. We 
denote the set of real places of F by oo. Let G be a connected reductive 
F-group such that := Goo H G(A)^ (see Sect. 3) is compact and the 
derived group G'^®'' is simple and simply connected; here Goo = G{Foo). 
When F ^ Q, this just means that Goo is compact, see Prop. 3.1 below. 
However, when F = Q and the Q- and M-ranks of G^^ are equal, it suffices 
that G^"^ be compact. Here G^*^ denotes the biggest quotient group of G 
which is a torus, thus G^^ = G/G'^'^'^ . There arc plenty of such groups G. 
In fact, any split simple F-group not of type An (n > 2), D2n+i or Fg has 
infinitely many inner forms which are compact at infinity (and quasi-split 
at all but at most one finite place). 

Fix a Haar measure ji = (g)//^ on G(A°°). We state the results using 
the following notion of congruence. As K varies over the compact open 
subgroups of G(A°°), the centers Z{Hk,z) of the Hecke algebras form an 
inverse system. To an automorphic representation tt of G(A) we associate 
the character % ■ ^^Z(Hk,z) C such that r)Tr = Vn'^ ° P^K for every 
compact open subgroup K such that vr^ ^ 0. The character rj^^ takes its 
values on Z(Hk,z) in the ring of integers of some number field, depending 
on F, G and K. If A is a finite place of Q, we say that tt and tt are congruent 
modulo A if their characters are. Write tt = vr (mod A) in this case. A similar 
notion makes sense locally, and then yf = vr (mod A) if and only if = vr^ 
(mod A) for all finite v. Moreover, when both tt^ and tt^ are unramified, 
TTy = TTy (mod A) simply means that the Satake parameters are congruent. 

Definition 0.2. Let vr be an automorphic representation of G(A). Let A 
be a finite place of Q. We say that vr is abelian modulo A relative to K if 
vr^ 7^ and there exists an automorphic character x of G(A), trivial on FT, 
such that r}^K{(f)) = t/^(</>) (mod A), G Z{Hk,z)- We say that vr is abelian 
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modulo A if it is abelian modulo A relative to some K, thus vr = x (mod A) 
for some x- 

This is the analogue of the notion Eisenstein modulo A in [CI, p. 1269]. 
bmce is anisotropic in our setup, there are neither cusps nor Eisenstein 
series. Thus the terminology abelian modulo A seems more suitable. 

The following theorem is in some sense the main result of this paper. 

Let F be a totally real number field, E a finite set of finite places of F. Fix 
a compact open subgroup K^, of Gu = G{Fu) for each v ^ oo, hyperspecial 
for almost all v. Fix an irreducible representation ps of Ks = rTt-es and 
an irreducible smooth unitary representation p^o of Goo = Yiveoo^v- Then 
K = rii;^s -'^■y ^ compact open subgroup of G(A^). Denote by ck the 
constant measure supported on K of volume 1. It is the unit element in the 
Hecke algebra TCk,z- 

Theorem 0.3. Let X\£ be a finite place ofQ such that there exists at least two 
finite places v where £ f \Ky\ {this is automatic if there is an F- embedding 
G •-^ GL(n) and i > [F : Q]n + 1). Let tt = (8)7r^ be an automorphic 
representation of G{A) such that tToo = Poo, tts D ps, and ir^ ^ 0. Assume 
TT is nonabelian modulo A relative to K. Let w be a finite place of F such 
that Kyj is hyperspecial. Let q = Qw denote the residual cardinality of w. 
Let Jw = Kw n K'u^ he a parahoric subgroup, where K'^ ^ Ky, is maximal 
compact. Let J = Jy.K'" and K' = K'^K"" . Put 

[K'^ : Jw\k.^ = [K'^ ■ Jw]/{[K'^ ■ Jw], [Kw ■ Jw]) 

and 

e-K,K' = [Kw ■ Jw][K!^^ : Jw]K^ieK * gr' * gk) G Z{Hk,z)- 
Assume £ f qw[Ki, : Jw]Ky, and (★) r/^x (e^^^-') = r]i{eK,K') (mod A). Then 

there exists an automorphic representation n = (Sn^v o/G(A) such that tToo = 

Poo, TTs ^ PT. and vr^"" / satisfying tt^'" 7^ tt^™ + tt^"', and ri^ji4>) = 
r]^K{eK * 4>) (mod A) for all (p £ Z{Uj^i). 

This theorem claims nothing unless tt^"" = tt^"" + tt^'" . The assumption 
(*) is implied by the stronger assumption: (*★) tt^^ is congruent to the trivial 
representation 1 modulo A, namely 7r(^) = l(^) (mod A), G Z{Hk,z)- 
But (:*r) is strictly weaker than (:*r*). Our final conclusion is slightly more 
precise than 7? = tt (mod A) . If G^'^ has rank one, Jyj is an Iwahori subgroup 
/„, and wc show in Lemma 11.1 that vr,^"" = (and tt^™ =0) but vf,^™ 7^ 0. 
The eigensystem of a modular form mod £ comes from an algebraic modular 
form mod i on , where D/Q is the quaternion algebra with ramification 
locus {00,^}, see Serre [S]. Using the transfer of automorphic forms from 
D{A)^ to the split form GL(2,A) (sec [F] for a simple proof) we get the 
result of Ribet after stripping powers of i from the level. Note that [ET^ : 
Jw]k,u = 1 when is conjugate to Kyj. The condition £ \ [K^ : J^] which 
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appears in [So] introduces the requirement + q) = 1 in the formulation 
of Ribet's theorem in [So]. 

There is another proof of Ribet's theorem relying on the so-called Ihara 

lemma. It states that for q | Ni, the degeneracy maps XQ{Nq) ^ Xo{N) 
induce an injection H^{Xo{N),Zi)'^'^ {Xq{N q) with torsion-frcc 

cokernel. The proof of this lemma reduces to the congruence subgroup 
property of the group SL(2, Z[l/g]). In our case we are looking at functions 
on a finite set, and the analogue of the Ihara lemma can be proved by 
imitating the combinatorial argument of Taylor [Tl, p. 274] in the diagonal 
weight 2 case. See section 7.3 below. 

Here are a few applications of Theorem 0.3. 

Theorem 0.4. Let F he a totally real number field. Let tt he as in Theorem 
0.3. Let w he a finite place of F such that K^, is hyperspecial and the F^- 

rank of Gf^^ is one. Let 1^ = H K'^ be an Iwahori subgroup, where 
K'^ / Kw is maximal compact. Put I = IwK'^ and K' = Kl^K^ . Suppose 
I \ qw\K'^ : Iw\k^ and r]^K{eK,K') = m{(iK,K'){'a^od\), with eK,K' as in 
Theorem 0.3. Then there exists an automorphic representation vf = (8)7f„ of 
G{A) such that tToo = Poo, tt^"' / 0, tt{^ / 0, vf^™ = = ttw"' , satisfying 
r]:^i{4>) = rj^K^CK * 4>){m.odX) for all 4> G Z(Hi^z)- If t^t. Ps then n can be 
chosen to satisfy tts D ps ■ 

This theorem is a variant of BcUaiche's Theorem 1.4.6, [Bel, p. 215]: It 
gives results modulo arbitrary \\i prime to qw[Kw '■ IwjKn,^ independently 
of TT, the level-raising condition is weaker, and we get information about 
the action of the center of the Iwahori-Hecke algebra on tt^™. Bellaiche's 
proof is different. He uses results of Lazarus and Vigneras from modular 
representation theory, such as the computation of the composition series 
of universal modules. His i is prime to qw times the number of neighbors 
of the vertex in the Bruhat-Tits building fixed by Kyj, times the number 
of neighbors of the vertex fixed by K!^, and has to lie outside a finite set 
depending on tt, but his tt is not required to be nonabelian mod A. His 
level-raising condition: rj^K{(p) = r]\{(j)) for all (j) G Ti-Xyj, is stronger, and 
he can conclude that tt^ is the actual Steinberg representation of Gw. We 
show this too, using the analysis of section 11. In [So] it is only shown that 
TTu) is ramified. See also [BG] where general poo are considered, and the only 
condition on i \ q^ is that it lies outside an unknown finite set depending 
on TT, but TT is not assumed to be nonabelian mod A. 

Consider the special case where E/F is a totally imaginary quadratic 
extension of a totally real number field F, = U(2, 1) is the quasi-split 
unitary F-group in 3 variables split over E, and G = U(3) is an inner form 
of G'^^ such that Goo is compact. For i^-primes w inert in E, the semisimple 
rank of G(F^) is one. In this case Theorem 0.4 strengthens (to i \ q^) 
Clozel [CI] (where F = Q and ^ f g^(g^ + l)(g^ - 1)), [Bel] Theorem 1.4.6, 
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where £ f QwiQw + 1) ~ - £ is outside a finite set depending 

on TT. Indeed, [K'^ : Iw] = Qw + divides [Kyj : Iw] = + 1, hence 
[K!^ : Iw]Kni = 1, so our condition on i is only that it be prime to g^. From 
TT^™ / and TT^^ = = vr^"" we conclude that iTyu is Steinberg (as tt^^ / 
and TT"*"^ 7^ 0). We recall the classification of reducible unramified induced 
representations, in particular in the case of G = U(3), in section 11.3. 

If TT is a representation of G{A) = U(3, A) such that tt^ is the nontempered 
TT^ for almost all v (in the notations of [F2] ) , and 71^ = 11^, then tt^ is not 
the cuspidal it~ (since tt^™ 0) 1^°^ tt,^, (as tt^,^ = 0), so vr has no 
component vr^, by the results of [F2]. Alternatively, this follows from tt^ 
being Steinberg. 

When G = U(3) and the F-prime w splits in E, thus G(F^) = GL(3, F^), 
we obtain the following as a corollary. 

Theorem 0.5. Let tt = (8)7r^ be an automorphic representation of G{A) 
with VToo = Poo- Choose a compact open subgroup K = C G{A°°) 

such that TT^ / 0. Let X\£ be a finite place of Q such that tt is nonabelian 
modulo A relative to K. If £ < 3, or if E = Q(\/— 7) and £ = 1 , assume 
i f \Kv\ for at least two primes v. Let w \ £ be a prime in F, split in 
E, such that Kyj is hyperspecial. Suppose there is a we\w such that the 
Satake parameter is ^t:^^ = diag(q'^, 1, g^-'^)(mod A). Then there exists an 
automorphic representation tt = (8)7?^ of G{A) with tToo = Poo o-'^d tt^^ 7^ 
satisfying (1) vr^u is either an irreducible unramified principal series or 
induced from a Steinberg representation (in particular tt^ is generic, not 
square integrable), and vf^"' / for any maximal proper parahoric subgroup 
Jyj, and (2) r]^j{4>) = VTr'^i^K * 0)(modA) for all (j) G Z{T-Lj^i), where J = 
JyjK"^ , hence tt = tt (mod A). 

Theorem 0.5 claims nothing unless TTy^ is induced from the determinant 
(type lib of Tables A, B in Section 11), that is, unramified and non-generic 
(and not 1-dimensional), which is the case for the endoscopic lifts from 
U(2) X U(l) considered in [Bel, p. 250]. Since we deal with any tToo = 
Poo 5 it follows that if tt is endoscopic abelian (that is, a lift of a character 
of a proper endoscopic group), then it is congruent to a vr which is not 
endoscopic abelian. This is true even for U(n), for all n > 2. For n = 3 
this result has been applied to the Bloch-Kato conjecture for certain Hecke 
characters of E [Bel]. In fact, the results one can get for U(n) indicate that 
an endoscopic abelian lift vr is congruent to a vf which is not endoscopic 
abelian. We cannot prove by our methods that tTw is ramified. In his thesis 
[Bel, p. 218], Bellaiche also has a result in the split case. His £ is prime to 
QwiQw ~ ^){Qw + 1)) and lies outside a finite set depending on tt. If vr occurs 
with multiplicity one (the multiplicity one theorem for U(3) is currently 
proven - in [F2] - only for representations satisfying some mild condition at 
the dyadic places; it is not yet proven in general, contrary to the assertion 
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of [CI]), he obtains a vf with vf^ ramified. We classify the Iwahori-spherical 
representations of GL(3) and compute the dimensions of their parahoric 
fixed spaces. This allows us to conclude that tt^ is cither a full unramified 
principal series or induced from a Steinberg representation. Hence, from 
our analysis, tt^ is induced from Steinberg. Theorem 0.5 seems related to 
the n = 3 case of conjecture 5.3 in [T2, p. 35], providing an analogue 
of Ihara's lemma. Automorphic representations of unitary groups with a 
generic component at a split prime come up naturally in the proof of the 
local Langlands correspondence for GL(n) [HTj. 

Next, let G be an inner form of GSp(2) such that G'^^'^(M) is compact. 
Concretely, G = GSpin(/) for some definite quadratic form / in 5 variables 
over a totally real F. In this situation. Theorem 0.3 yields: 

Theorem 0.6. Letn = ^tTv be an automorphic representation of G{K) with 
T^oo = Poo- Choose a compact open subgroup K = such that tt^ / 0. 

Let X\£ be a finite place o/Q such that tt is nonabelian modulo A relative to K. 
If C- "^"^ assum,e t \ jX-uj for at least two primes v. Let w ] i be a prime such 
that K-w is hyperspecial. Suppose t -3/2 = diag(l, g^, g^, g^)(mod A). 
Then there exists an automorphic representation tt = ®t:^ of G{A) with 
TToo = Poo TT^^ 7^ satisfying (1) -Kyj is generic and Heisenberg-spherical, 
and (2) rj^j{(f)) = r)^K{eK*<f>){^odX) for all (p G Z{Hj^z), where J = JwK^. 

If in addition / l(mod^), then tt-w must be of type I, Ila or Ilia of 
Tables C, D in Appendix 2. 

By the Heisenberg parahoric we mean the inverse image, under the reduc- 
tion map, of the standard maximal parabolic in GSp(2,F^u) whose unipo- 
tent radical is a Heisenberg group. The proof relies on computations of R. 
Schmidt [Sch]. If m(7r) = 1, Bellaiche's methods seem to apply and one can 
probably show that vr^j, is induced from a twisted Steinberg representation 
on the standard Heisenberg-Levi. It is known (see, e.g., [Fl]) that Saito- 
Kurokawa lifts (that is, lifts of Ixcuspidal from PGL(2,A) x PGL(2,A) to 
PGSp(2, A)) are locally non-generic everywhere. Therefore, if tt is of Saito- 
Kurokawa type, it is congruent to a vr which is not of Saito-Kurokawa type. 
The interest in it stems from hoped for applications to the Bloch-Kato con- 
jecture for the motives attached to classical modular forms. In particular, 
one hopes to establish a mod I analogue of a result of Skinner and Ur- 
ban [SU], which is valid for all (not necessarily ordinary) modular forms of 
classical weight at least 4. 

There exists q with 7^ 1 (mod tj precisely when £ >7. In this case TTyj 
is an unramified principal series (type I) or induced from a twisted Steinberg 
representation x StGL(2) xix' or xxx' StGL(2) (type Ha and Ilia respectively). 
If one can show that tt^, is para-ramified, meaning that tt^ has no nonzero 
K^-fixed vectors, one can conclude that it is of type Ilia and therefore 
induced from a twisted Steinberg representation on the Heisenberg-Levi, 



ON LEVEL-RAISING CONGRUENCES 



7 



since m(7r) = 1 (see [Fl]), using the methods of [Bel] and [CI]. The result 
above only gives nontrivial congruences if tTw is nongeneric. If tt is of Saito- 
Kurokawa type, it is locally nongeneric, and we get a tt congruent to vr which 
is not of Saito-Kurokawa type. If we know that 7r„, is of type Ilia, we can 
apply this strategy to the Bloch-Kato conjecture for the motives attached 
to classical modular forms of weight (at least) 4, using the methods of [Bel]. 
We should note that if wc choose to work with the Siegel-parahoric J^, we 
can only conclude that vr^ is generic or a Saito-Kurokawa lift. 

This work is simply an attempt to complete the beautiful paper [So] by 
extending it from the special case tToo = 1 to permit tToo to be any irreducible 
continuous representation of Goo • Further we optimize the constraint on 
£ and determine tTw to be Steinberg in the case of U(3). Except for these 
minor changes, we follow [So] very closely, attempting to expand some of 
the arguments there. 

1. The Abstract Setup 

In this section, we fix a ring O of characteristic zero which is a finite prod- 
uct of domains. Denote by L the associated product of fields of fractions. 
There are two cases of interest for us. The first is where O is the ring of 
integers in a number field L C C. The case that we shall actually use in this 
paper is as follows. Let Li C C be a number field such that [Li : Lq] = 2 
where Lq = Li f] M. Let A be a finite place of Li, and Aq = X D Lq the 
place of Lq under A. Let Lix be the completion of Li at A, and (-Z^o)ao the 
completion of Lq at Aq. Then Lix^ = Li®Lq (-^o)ao is -Lia if Aq stays prime 
in Li, and it is Lix © L^j^ if Aq splits as AA in Li. Note that L^-^^ ~ Lw. 
The ring of integers i?Ao ^lAo is the ring of integers R\ in L^x if Aq stays 
prime, and Rx ® Rj if splits. Then the case we shall actually use is that 
where O = Rxg and L = Liaq- 

Let H he a commutative L-algebra. We do not require H to be of finite 
dimension. However, wc assume H comes equipped with an involution (f) ^ 
0^. An involution is an L-linear anti-automorphism (thus (^1^2)^ = 'p2'Pi) 
of order two. Moreover, we fix an O-order Ho C H preserved by V. An 
O- order is an O-subalgcbra which is the C-span of an L-basis for H. Then 
we look at a triple (V^, (— , — )y, Vb) consisting of: 

(1) 1^ is a finite-dimensional L-space with an action ry '■ H ^ EndL{V); 

(2) (— , —)v is a nondegenerate, symmetric, L-bilinear form V x V ^ L; 

(3) Vo CV is an O-lattice (that is, the O-span of an L-basis). 

We impose the following compatibility conditions on these data: 

(1) rvicp"^) is the adjoint of rv{<p) with respect to (— , —)v', 

(2) Vo C F is preserved by the order Ha C H; 

(3) Vo/{Vo n V^) and V^/{Vo n V^) are torsion O-modules. 

Here Vq = {v eV : {v,Vo)v <^ O} is the dual lattice of Vo in V. 
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Choose nonzero annihilators Ay and By in O of the torsion modules 
above, that is, such that AyVo C Vq and BvVq C Vo, thus 

Av{Vo, Vo)v C O and (i;, Vo)v C O ^ Syy G Vq. 

Let ([/, (— , — )[/, J/o) be another such triple. Choose annihilators Au and 
Bu for it too. Suppose we are given an iJ-linear map 6 : U ^ V satisfying: 

(1) [/ = ker (5 e (ker^)-^; V = imJ (im5)^; 

(2) 5{Uo) C Vb n 5{U), and the quotient is killed by C G O - {0}. 

Put = imc^ and y^^* = (imc^)-*-. These are if-stable subspaces of 
V. By assumption we have an orthogonal decomposition V = V^^"^. 
The adjoint map 6"^ : V ^ U is defined by {u,5^v)u = {Su,v)v- Then (5^ 
maps to 0, and 5^ : F"^*^ (ker 5)^ is injective, with inverse S. 

Definition 1.1. Put Vg^'^ = Fo n V°^'^ and V^^^ = Vb n V^"^. 

These iJo-stable submodules of Vq span and y''^^ respectively. 
They arc orthogonal, but their sum is not always all of Vo- Note that 
6{Uo) C Vg'^ and CVS^'^ C S{Uo) by assumption. 

Definition 1.2. Let To be the image of Hq in Endo(Ve)). Let 

Tg^ C Endo(F(5i^) and T^"^ C Endo(VS^^) 

denote the images of Ho defined by these submodules. 

Clearly we have natural surjective maps To and To T^^ given 

by restriction, and To acts faithfully on Vo- 

2. Taylor's Lemma 

By a congruence module we mean a To-module, such that the action 
factors through both T^*^ and Tq". The following lemma was stated for 
O = Z, trivial annihilators, and injective S in [T2, p. 331] 

Lemma 2.1. Put E = AuByC^ and U'o = Uo ^ (ker^)-^. Then C/^ = 
Uq/{U'q r\ E~^S^ S{Uo)) is a congruence module. 

Proof. Since Uo is preserved by Ho and 6 is if-linear, the algebra To acts 
naturally on U'o via the embedding of Uq into Vq'^ defined by S. This action 
factors through T^"^. 

It remains to show that T^^^ acts on Uo, namely that the action is well 
defined. So suppose that (p G Ho acts as zero on Vq*^"^ . We must show that 
E(p maps [/^ into 5^(5(?7o), for then cp maps into n E'^S'^diUo). In 
other words, if is zero in Tg'™, then it is zero on Uq. 

Note first that (j)^ maps Vo into Vg'^i. Indeed, for any w G F, G yucw 
we have {vn,4>^v)v = {<pVn,v)v = 0, thus (f^v G V°^'^, so cf)^ maps V to 
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V . Moreover G Hq implies cp'^ G Hq, thus (p'^ maps Vq to itself, so to 

T/old 

Since also maps Vq^"^ to itself, it maps V^^^ to zero. 

Now let u = (5^(v) G ?7o for some v G F"''^. Note that C (kcrJ)^, 
thus u e Uq. We have 

^C7C(i;,F(§''i)y ^ A[/(i;,<5(C/o))y C Au{u,Uo)u C O, 

from CFt^i'i C 6{Uo), u = (5^(u), AuUo C ?7^. Since (/)^Vb C Vg'^, we have 
Ai/C{(l)v,Vo)v C C By definition of By, we deduce that AjjBvC{^v) G 
Fo, hence it is in Vq'^, as f G and thus (f>v G F"^*^. We conclude from 
the definition of C that 

AuBvC^{4>v) G 5(C/o). 

We get the result by applying 6^ to this: E{(pu) G 6'^5{Uo), as u = d'^v. 
Thus takes to £;-M^(5(?7o) n C/^. □ 

As in [T2, p. 331], we have the following useful corollary: 

Corollary 2.2. Let O = Ol he the ring of integers of a nvmher field L C C, 
or O = Rxq and L = Lixq. Suppose u G Uq — {0} is an eigenvector for Ho, 
with character r] : Ha O. Define £ = {x e 0;x{Luri{Uo+^cr 5)) C Ou}; 
it is an ideal in O. Suppose it is nonzero, and that 5'^5{u) G mUo, for 
some nonzero m E O. Then r) induces a homomorphism Tg'* — > 0/{0 r\ 
mE-^£-^). 

Proof. Consider the action of Hq on u + Lu DUqC] E^^5^ 5Uo- If ^^i" £ Uq 
and u-^l.u, and 5^ 5ti^ G Lu, then = {u^ ,5^ 5ti^)v = {5u^ ,5u^)v ■ Hence 
8u^ = 0, thus u^ G ker 5, and Lu n 6'^5Uo = Lu Ci 6'^6(Uo Ci Lu). Also 
Ul^ = Uon (ker 5)^, and im(5^ C (ker 5)^. Thus LunU^n E-^5'^5Uo = 
£-^u n E-^b^b{Uo n Lu) = £-^u n E-^E-^mUo- Now : Hq ^ O S& 
defined by /i • u = rj{h)u, h G Hq, so the action of /i G Hq on a vector in 
£~^u n £~^E~^mUo is by multiplication by r]{h) G O n £~^E~^m, thus rj 
induces a homomorphism as desired. □ 

We remark that m = implies that (5^5n = 0, thus 6u = since (5^ 
is injective on so tt G ker5. When O = Rxq and L = we get 

Tnew _^ Qjyn foj. g^gj.y positive n < no = UAo(^) - ^Ao(^) " «Ao(^)- If ^ 
is the ring of integers in a number field L, and we factor the fractional ideal 
Oi\mE-^£-^ into prime powers and project further, we get the following. 
For every (nonzero) prime ideal A C O there is a homomorphism 

induced by 77, where n is a nonnegative integer < no = vx{m)—vx{E)—vx{£). 
Here we should think of vx{m) as the main term, and the other two as 
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controllable error terms. In our applications O = R\q and L = -Liaq- We 
want to show that no is positive. 

3. Compactness at Infinity 

Let F be a totally real number field. Let oo be the set of archimedean 
places. Denote the ring of adcles by A = Aj? = Frx, x A°°. Consider a 
connected reductive -F-group G. Each i^-rational character x ^ X*{G)f 
gives a continuous homomorphism G{A) by composing with the idele 

norm. Define 

G(A)i = {ge G(A); \x{g)\ = 1, Vx G X*{G)f}. 

This group is known to be unimodular. By the product formula, G{F) is a 
discrete subgroup of G(A)^ The quotient G{F)\G{AY has finite volume. 
This quotient is compact if and only if G^'^ is anisotropic. We shall naturally 
be led to studying groups for which Gl^ = Goo H G(A)^ is compact. Let G^^ 
denote the biggest quotient group of G which is a torus, namely G'^^ = 
Q^Qdcr (^QjQ^cT -g connected as it is the quotient of a connected group, G, 
it is reductive since G is, and it is abelian as it is the quotient by G'^®'^, hence 
it is a torus) . 

Proposition 3.1. The group is compact if and only if G^o is compact, 
or. F = Q, rkQ G^^ = rk]R G^^, and G^' is compact. 

Proof. Suppose first that G^ is compact. Let A denote the biggest quotient 
group of G^b which is a split torus. Then X*{G)f = X*{G^^) f = X*{A)f = 
X*{A). Set G' = ker[G A]. Since we have an exact sequence 1 G^ — >■ 
G^ — > — > 1, we see that both G'^ and A^ are compact. We may 
assume that Aj^l (otherwise Goo = G^, hence Goo is compact). Choosing 
a basis for X* (A) , we see that (with r = dim A) 

Alc^{xe F^; H \x,U = IV- 

Therefore {x e -^c^,; nt,|oo — compact. We conclude that F 

has a unique infinite place. That is, F = Q. If rkQ G*^^ < rkigG'^^, the 
Q-anisotropic component N{= (G'"'^)' = ker[G'''' A]) of G""^ is not R- 
anisotropic, hence N^o is not compact, so G^ is not compact and thus G^ 
is not compact. The converse is clear. □ 

4. Hecke Algebras 

From now on wc fix a totally real number field F, and a connected reduc- 
tive F-group G, not a torus, such that G^ is compact. Consider the locally 
profinite group of finite adeles G(A°°). Let S be a finite set of finite places. 
Let A^ be the ring of adeles without component at oo and S. Consider the 
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subgroup G(A^) of G(A°°). Choose a Haar measure jJL = ®iJLy on G(A^) 
once and for all. Consider the vector space of all locally constant compactly 
supported C-valued functions on G(A^): 

H = H(G{K^)) = C^{G{K^),C). 

This becomes an associative C-algebra, without neutral element, under /i- 
convolution. There is a canonical involution (anti-automorphism) on 7i 
defined by = (j){x~^). If K C G(A^) is a compact open subgroup, 

ex = p{K)^^XK G is an idempotent. This is the neutral element in the 
subalgebra of X-biinvariant compactly supported functions: 

Hk = H{G{A^),K) = Cc{G{A^)//K, C)=eK*n* ex- 

Clearly V preserves Tix- In addition, there is a canonical Z-order TCk.z C 
Hk consisting of all /Li(iir)~^Z- valued functions. As a ring, 7iK,z is isomor- 
phic to Cc{G{A^) / / K,Z) endowed with the K-normalized convolution. If 
i? is a commutative ring, with neutral element, we define 

'Hk,r = 'Hk,z ®% R, thus Hk = Hk,c- 
The algebras Hk are not commutative when K is not maximal. However, 
by a result of Bernstein [B], Hk is a finite module over its center Z(Hk)- 
Now, suppose J C if is a (proper) compact open subgroup. Then obviously 
Hk C Hj. However, Hk is not a subring since ek ^ ej. There is a natural 
retraction Hj Hk defined hj (f) ^ ek * (f>*eK ■ It does map ej ek, but 
does not preserve * unless we restrict it to the centralizer ZjijieK)- Clearly, 
Zt-Ij(Hk) maps to the center Z{Hk)- In particular, 

Z{Hj) Z{Hk), ^*eK = eK*4>, 

gives a canonical homomorphism of algebras. It maps Z{Hj,z) into Z{Hk,z)- 

5. Algebraic Modular Forms 

In this section we define algebraic modular forms with weight and type, 
using the exposition of Bellaiche and Graftieaux [BG]. For each finite place 
V of F, let be a compact open subgroup of Gy = G{Fy), which is a 
maximal compact hyperspecial subgroup for almost all v. Let S be a finite 
set of finite places of F. Write K^, for ni;es ^^"^ ^ ~ Tlv^E^v- Put 
K" = K X Ky,. Then K" = Y\yK^ {v < oo) is a compact open subgroup 
of G{A°°). It is called the level. Let ps : K-£ GL(Vs) be a smooth 
complex irreducible representation, named the type. It can be viewed as a 
representation of K" trivial on K. 

Put Goo = GiFoo) = UvG{F^), F^ = Uv^v {v archimedean) . Let 
Poo '■ Goo GL(yoo) be an irreducible, complex, continuous unitary repre- 
sentation, named the weight. Denote by Z^o the center of Goo, and by Woo 
the central character of p^o- 

Denote by and p^ the contragredient representations. 
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Note that G{F) C G{A)/Zoo is a discrete cocompact subgroup. Con- 
sider the Hilbert space L'^{G{F)\G{A),uJoo) of L^-functions on the quo- 
tient G{F)\G{A) which transform under Z^o via the unitary character u^. 
There is a unitary representation r of G{A) on this space given by right 
translations. This space is a direct sum, with finite multiphcities m(7r), 
of irreducible G(A)-submodules tt, called automorphic representations. An 
admissible irreducible representation tt decomposes as a product i^^tt^ over 
all places v of F. Put tts = (8)^gs7r^- We shall be interested only in the 
part which contains the representation p = pY, ® poo of Ky, x Gqo- It is 
A{Ky,P,C) = UkA{K,p,C) 

= Homx^xGoc (Ps ® Poo,C^{G{F)\G{A), o^oo; C)). 

Here K runs through all compact open subgroups of G(A^), and 

A{K, p, C) = Homx^xGoo (ps ® Poo, C~(G(F)\G(A)/K, Woo; C)). 

The Hecke algebra 7^ = H{G{A^)) acts on ^(iiTs,/?, C) by convolution, 
and A{K,p,C) is the space r{eK)A{KY, p,C) of if-invariants. It is a finite 
dimensional space, as the double coset space Xk = G{F)\G{A^)/K" is 
finite. Recall that K" = K x K^- Thus A{Ky,, p,C) = ©m(7r)7r, sum over 
the irreducible tt with tTqc = Poo tts D Pe- Also .4(K, p, C) = 0m(7r)7r^, 
sum over the same tt, but for which the space tt^ of K-invariants in tt is 
nonzero. 

We have the following compatibility between this action and the inner 
product: 

(r(0)/,5) = (/,r((/>^)<7); G /, <? G ^(i^E, P, C). 

Definition 5.1. A complex valued automorphic form of level K" , type /9S) 

and weight p^o, is a function /" in ^(X, /9, C) where p = (ps^Poo)- 

Using the relation [f\g)\(v,w) = [f" {v,w)\{g), the space ^(K, p, C) is 
isomorphic to the space of functions /' : G{F)\G{A) / K — ^ V-^ ®c with 

f'{gkUoo) = [Phik)-^ ® P^ol^oo)- {g G G(A), k G i^", Uoo G Goo). 

The restriction / of such /' to G(A°^) satisfies, where u G G{F), Uco is 
the image of u in Goo, so that uu^ G G{F) n G{A°°), the relation 

(5.1) fiugk) [= f'{ugkurj) = figku^')] = {ph{k)-' ® ploM) f {g) , 

where g G G(A°°), k e K"; it determines /'. 

Since ps factorizes through a finite quotient of K", there exists a number 
field L (in C) and an L-model {pj],L-, ^s,l) of (ps, Vs)- Increasing L we may 
assume it is stable under complex conjugation. We can then talk about 
Hermitian products on Vs,l- Choose such an Hermitian product on Vs,L 
which is stable under ps,L (using the finiteness of Pt,,l{K)). 
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Extend the representation of the algebraic group Goo = G(M)^°° on 
Voo to a representation Poo,c of G(C)^°° on the same complex space Fs- Since 
Poo,c is algebraic, it has a model over a number field, which can be assumed 
to be L (on increasing so that in particular it contains F^. Thus Poo,L 
is an algebraic representation of G{L)^°^ on Vqo^l, defined by a morphism 
G^°° ®F L ^ GL(Voo,l) of group schemes over L, which specializes to Poo,C 
over C. As usual, ®fL abbreviates XgpecFSpecL. 

Increasing L we may assume it is Galois over Q. Then (t{F) C L for each 
a in Soo- Embed G{F) in G{L)^°° hy r : u {(r{uy,u G Soo). Then by 
definition, for every u G G{F) we have 

(5.2) poo,L{r{u)) ^ 1 ) G GL(Foo), 
the tensor product is Kx),l (8)l C = Foo- 

Definition 5.2. For any commutative unitary L-algebra A, put Vs,a = 
V^,L ®L A, Voo,A = Voo,L <^L A. Let Pt.,a^ Poo, a bs the corresponding repre- 
sentations. Let A{K, p, A) be the ^-module of smooth functions 

(5.3) /:G(A-)^FsV®aCa 
satisfying for g G G(A°°), u G G(F), A; G K", 

When A = C, (5.3) coincides with (5.1) in view of (5.2). 

Since Goo is compact, poo preserves an Hermitian form on Voo- The re- 
striction of Poo,L to G(Lo)^'^ does too. Here Lq = L n M, and we assume 
L ^ Lq, thus [L : Lq] = 2. Choose such an Hermitian form on V^^l- Given 
u G G{F), for any embedding cr of F in C, we have (j{u) G G{Lq) since F is 
totally real. Hence Poo,L{f'{u)) is a unitary element in GL{yoo,L)- The space 
G(F)\G{A°°) is compact, thus there is a unique right invariant measure on 
it which assigns it volume one. We obtain an Hermitian form on A{K, p, L) 
on integrating over G(F)\G(A°°) that on F^.l '^l V^^l- 

Definition 5.3. Let A be a finite place of L. Let Aq = A H Lq be the place 
oi Lq = L DM dividing A. Let {Lq)xq be the completion of Lq at Aq. Put 
= L(g)Lo (-^o)ao- Let Rxq be the ring of integers of Lxq- If Aq splits in L 
into A- A, then Rxq = RxX Rj- If Aq stays prime, Rxq is Rx {[Lxo '■ -^o,Ao] = 2, 
then La() = Lx and i?Ao = ^a)- Then Rx^ has an involution extending that 
on the ring of integers Rl of L. 

Let Fa = Rx/X be the residue field of Rx (Fj of %). Put = R\JXq 
(it is Fa X F^ if Aq splits, or Fa if Aq stays prime). Note that ¥j ~ Fa. 

Write Saq for the set of places of F of the same residual characteristic as 
that of Aq. 
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For £7 G Sqo, a : F ^ Lq, we have cr^"'^(Ao) G S;^^ (as Xq G Rq G Lq). 
The embedding a extends by continuity to an embedding a : F^-i(^)^^^ ^ 
LoAo ^ ^Ao- Then we have : G{F^-i(^Xo)) <^(-^Ao) for each cr G Soo, 
and the product tl^^ : --^ G(La„)^°°, 

Let ps;^p : G(A°°) — G{F^^^) be the natural projection. Put 

It has, for G G(-F), that Poo,Lxq{u) G GL(Foo,Lao) is in fact in GL{Voo,l), 
equal to 

?oo,Lao (") = Poo,L(r(u)) = poo{Uoo) {u G 

Definition 5.4. Fix any i?L-lattices Vs^^^ in Vs,l and Voo^r^ in Foo,L- Put 
Ve,R;,„ = 1^s,i?i, ^Au, Kc,K;,„ = 14o,i?j, ^A„- Let A{K, p, Rxo) be the 
sub-i^Ao'^iodule of A{K, p, L^o) consisting of the functions 

with 

for all g in G(A°°). Put K^o = ll^Ky {v ^^U U oo). 

Note that Poo,Lx„ factorizcs through thus A{K, p, Rx^) can be 

viewed as a set of i^'^" -invariants of a space of functions on G{A°°) on which 
G(A°°) acts by right translation. We aim to show, in Lemma 5.6, that for 
almost all places A, we have A{K,p,Rxq) ®Rx^^ ^Aq = -^{K, p, Lxq)- 

The morphism Poo,L : G^°° L ^ Gh{Voo,L) extends - since G and 
GL(V^^i;,) are schemes of finite type - to a morphism 

G^- Rl[1/N\ ^ GL(F,,,^^[i/^]) 

over the open subset Spec i?L [l/AT] of Speci?^, where iV is a positive integer 
and G is a smooth affine group scheme of finite type over Rp with generic 
fiber G. For each Aq not dividing N there is then a model 

Poo,Ao : G^- ®Rp Rxa GL{Voo,RxJ 
over Rxg of Poo.L^y- The lattice Kx>,Rao °f ^oo-^aq i^ stable under the restric- 
tion of Poo,Lxq to the subgroup G^°°(i?Ao) of ^^°°{^\o)- Increasing A'' we 
may also assume that G(i?„) = Ky for each F-place v prime to N. Then for 
each Ao prime to N the morphism tl^ °Pt,x maps K" to G^°° {R\o)- Hence 
the restriction of Poo.La(, to K" leaves stable the lattice Kx>^r^^ of Voq^Lxq- 
For each Rx^-aXgchia A wc can then define the representation Poo,A of the 
group K" on Voo,a = VoofixQ ^Rx^ ^- particular one has a representation 
Poo,¥xo oiK" onVoo,Wxo. 
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Lemma 5.5. Increasing N if necessary, for each place Aq of Lq prime to N, 
the restriction of Pcx^^w^^ to any subgroup H of K" whose image under reduc- 
tion to n^ygEA ^C^f) contains HueSx G'^^'^(F^) is absolutely irreducible. 

Proof. The embedding r : G{F) G^°° (L) is the realization for Q-points 
of a morphism Rp/qG — > R^/qG^"" of algebraic Q-groups. There exists a 
model of this morphism over SpecZ[l/A'"] for a suitable N. For a prime i 
prime to N one has the morphism 

rz,:llGiR,)-^llG''-iRx,) 

v\e \o\e 

{v are i^-placcs, Aq arc Lo-placcs). There arc analogous morphisms rq^ with 
replaced by and i?Ao by Lao, and rp^ with and Faq (for R^, Rx^). 
Note that is for any Ai dividing i. The morphism rx,^_^ is then 

opr, pr being the projection of Y[\^^\eG^°° (Lx^.^) to its factor G^°=(Lai). 
Since G{F) is Zariski dense in G(C)^°°, the morphism 

Rf/qG — Rl/qG^'^ ' Rl/q GL{Voo,l) 

is absolutely irreducible. The same holds with G replaced by G^^'', since 
G = G'^''' • Z, Z being the center of G. The same holds for almost all £ and 
Ao dividing i, for the morphism 

V',, : n G(F,) ^ n G^^(^Ao) ^ G^-(F,J GL{V^,^,^), 
vei^xo \o\e 

and also with G^^"^ replacing G. 

The lemma follows from the commutativity of the lower triangle in the 
following diagram, where the square is clearly commutative: 



1 reduction \ Poo,¥x^ i reduction 
the upper triangle is commutative by the definition of Poo 



Since Pt,{K") is finite, increasing N we may assume that for Aq prime to 
A'' the lattice Vy:^r^^^ is stable under pj^(K), and the representation of K" 
on Vj:^r^J XqVj^^r^^^ = Vj^^r^^ is absolutely irreducible. 

As G{F)\G{A°°) is compact, there are xi,...,Xh in G(A~) with G(A~) 
= Ui<i<h G{F)xiK". The group = G{F)r\XiK" xj^ is finite (1 < i < h), 
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G(F)\G(A~) = Ul<i<h^^V^K"■ The map 

/ ^ (/(xi), . . .J{xh)), AiK,p,A) ^ (Bi<i<h{Vi,A ®A 

where a = Xikx^^ £ Aj acts by (^a a )"''"' isomor- 

phism. The Hcrmitian product on A{K, p, A) is the sum over i {1 < i < h) 
of |Ai|~^ times that on the spaces (V^^ L '^L Thus 

pi{K")-\f,9)= E (/(^i),5(^i))|Ar'- 

l<j<?4 

So ^(/C, p, A') = A{K,p,A) ®A A' for any A A'. As Z(Wi^)-modules, 
A{K, p,L)0l'C = A{K, p, C). The Hermitian product on A{K, p, L) is non- 
degenerate: the adjoint of the action of an element of ZiTix) on A{K, p, L) 
is still the action of an element of Z{TCk)- This last algebra is commuta- 
tive, thus the elements of Z(Hk) act as normal {DD* = D*D) operators, 
and A{K, p, L) is a semisimple Z{Hk) <8) L-module. The sub-i?L-module 
iVi,R^ ^Rl V^,rJ^' of the L-vector space {V*^^ ®l Cl)^' is a lattice. 

Increasing A'" we may assume that each |Aj| divides N, and for any Aq 
prime to N, the restriction of the Hermitian product of Lx^^ 

(V^La La i^ nondegenerate and i?A(r valued. Note: N depends 

only on {K",p). Replacing K" by a subgroup we need not change A''. 

Lemma 5.6. For any place Xq of Lq prime to N we have 

AiK, p, i?Ao) ^R^^ = AiK, p, Lao) 

as a Z{J-Lj(\q) ®z L\^-module. The Hermitian product on A{K, p, R^^) is 
nondegenerate. 

Proof. To show that A{K, p, Rxq) is a lattice in A{K, p, Lxq), note that for 
/ G AiK, p, Rxo), 9 G G(A°°), u e G{F), k e K", we have 

fiugk) = P*oo,Lx^{ugkY^ f{ugk) 

by definition of /, 

= {pUk)-' ®L,„ roo,L,„(fe)-yoo,L,„(5)-yoo,L,„M-V;o(^oo))/(5) 

by definition of /, 

since Poo(«oo) = Poo,Lao(^)' 

= [pUk)-' ®L,^KoMSk)-')f{9) 

by definition of /. 
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By definition of A{K,p, Rx^^), f lies in tliis space precisely when /(xj) = 

^,iAo(^^)~^-^(^^) ^'^^ ^Ir^o ®^^o ^~,i?Ao alH (1 < i < h). Thus we 
have an isomorphism 

Each of the i?Ao-™odules on the right is a lattice in the L^Q-vector space 
(^E La ^l>-o ^oo La )^'' remains to show that the restriction of the Her- 
mitian product from A{K, p, Lx^) to A{K, p, Rxq) is i?Ao-valued and nonde- 
generatc. But this is explained in the paragraph before the lemma. Indeed, 
this Hermitian product is a direct sum, weighted by invertible elements of 
Rxo, of Hermitian products which are nondegenerate and i?;^,, -valued. □ 

For a place Aq of Lq prime to N, and commutative i^^o -algebra A with 
a unit, put Vs,A = ^E,i?Ao ^Rx^ P^,A = Pt,,Rxq ®Rx^ A and similarly 
yoo,A, Poo,A- Define A{K,p,A) to be the A-module of smooth functions 
/: G(A°°) ^ V^^^ satisfying, for g G G(A~), u G G{F), k G K", 

j{ugk) = [p^A^r^ ^Afr^,Aik)-']m- 

The Z('H^Ao)-module A{K,p,A) commutes with base change A A'. For 
A = Rx^^, A{K,p,A) is isomorphic to A{K, p, Rxq) previously defined, by 
f f, f{g) = {9)~^f{g)- Lemma 5.6 implies that any character of 

Z{Hf(Xo) on A{K,p,Rxq) is i?Ao-valued for almost all places A of L. 

Let T^Ao A denote the image of the center Z{Hj^\o ^) in End^ A{K, p, A). 
Hence T^a„ is a commutative ^-algebra. Now, suppose J C X is a 
(proper) compact open subgroup. Then A{K,p,A) C A{J,p,A), and the 
canonical homomorphism Z{Hj\q ^) Z{7ij^\Q ^) descends to the restric- 
tion map TjAo,^ T^^o.A- 

6. Pairings 

We review now the pairing on A{K, p, A). Here (— , — ) denotes the inner 
product on y^* 

Definition 6.1. For f,g& A{K, p, A), define a symmetric bilinear form by 

{f,g)K = p{K"r\f,9)= E {f{x),9mGiF)n^K"\-'- 

x^Xk 

Here ^X" = xK"x-^ and Xk = G{F)\G{A°°)/K" . 

The factors \G{F) n are missing in [Tl] and [T2]. If K is suffi- 

ciently small, for example 'd K = H^j^euoo and Ky is torsion-free for some 
V ^T,U oo (this is the case if Ky is a sufficiently deep principal congruence 
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subgroup), then indeed G{F)n^K" = 1. For (peHK and f,g e A{K,p,A) 
we have the compatibihty relation 

{r{cl>)f,g)K = {f,r{(l>'')g)K. 

Next we have to show that the quotient A{K, p, R\q)/A{K, p, Rx^^ is 
torsion and find a good annihilator Ak- The fact that it is torsion is imme- 
diate: it is killed by the positive integer 

Yl |G(F)n^K"|. 

xGXk 

This is 1 if X is sufficiently small in the sense above. 

Lemma 6.2. Let K = Wy^Y,Kv C G(A^) he a decomposable compact open 
subgroup. Let I be the residual characteristic of X. Suppose l\ \Ky \ for some 
u ^ S U GO. Then there exists a positive integer Ak, not divisible by I, such 
that 

Ak{A{K,p,Rxo),A{K,p,Rxo))k C Rxo- 

Proof. Choose some torsion-free subgroup Ky C K^, and let K = K^K"" . 
Then 

{A{K,p,Rx,,),A{K,p,Rx,;))^ C Rx„ 

as we have observed above. Thus, for f,g G A{K, p, Rx^) C A{K, p,Rxq), 
we have 

[K,:K,]{f,g)K = {f,g)jieRxo. 
We then take Ak = [Ky : Ky]. This is not divisible by £. □ 

Note that £ \ \Ky\ if Ky is torsion-free and v \ I. For large I this is 
automatic: 

Lemma 6.3. Given an F-embedding G ^ GL(n), a compact open subgroup 
K = nt;^s o,nd a prime number i > [F : Q]n -|- 1, we have i \ \Ky\ for 
infinitely many places v. 

Proof. The group Ky embeds into a conjugate of GL{n, Ry). Therefore \Ky\ 
divides |GL(n,i?.y)| = p°°Y\i=iiQ^ ~ !)• Assume i divides 1X^,1 for almost 
all V. Then p has order at most [F : Q]n in (Z/i)^ for almost all primes p. 
Now, (Z/£)^ is cyclic of order ^ — 1, so by Dirichlet's theorem on primes in 
arithmetic progressions we conclude that £ < [F : Q]n + 1. □ 

7. Ihara's Lemma 

7.1. Parahoric Subgroups. Prom now on we assume for simplicity that 
^dcr -g gj]-Qpig (that is, it has no nontrivial connected normal subgroups). 
Moreover, we fix a compact open subgroup K = Yly^Y.Ky c G'(A^). Then 
Ky C Gy is & hyperspecial maximal compact subgroup for almost all places 
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V, that is, Ky = G{Ry) for a smooth affine group scheme G of finite type 
over Ry with generic fiber G. Such G exists precisely when Gy is unramified. 
Let Tis look at a fixed finite place w o{ F where Ky, is hyperspecial. Then 
write K = K^jK'^, where 

Let By, denote the reduced Bruhat-Tits building of G^ (that is, the building 
of G^). Wc have assumed G'^'^'^ is simple, so By, is a simplicial complex. Let 
X G By, be the vertex fixed by Ky,. Let {x,x') be an edge in the building. 
Consider the maximal compact subgroup K!^ C Gy, fixing the vertex x', and 
the parahoric subgroup Jy, = Ky, n K'y^ associated with the edge {x,x'). Let 
K' = K'yjK'^ and J = JyjK'^ be the corresponding subgroups of G(A^). 

Lemma 7.1. {Ky„K'y,) = G" := {g e Gy, : \x{9)\ = l,Vx G X*{G)fJ. 
Proof. This follows from Bruhat-Tits theory. □ 
Note that Gi^' C G° C G^, = n G{A)\ 

7.2. The Concrete Setup. We apply the general results when L is Lx^ 
and O is i?Ao- Let H = Z{TLj^l^^^). This is a commutative LAo-algebra. 
It comes with the involution defined by (f)^ {x) = (f){x~^). The L^Q-space 
V = A{J, p, Lxq) is finite-dimensional; Z{7ij^L^^) acts on it. The order 
Z{Hj^R^^) preserves the lattice Vr^^ = A{J, p, Rxq). The space V comes 
with the bilinear form ( — , — ) j. The compatibility conditions between these 
data are satisfied. Let U = A{K, p, Lx„) © A{K' , p, Lxq). Then Z{'Hj^l^^) 
acts on this space via the natural maps to Z{7iK,LxQ) ^^'^ Z{7ix' ^Lx^)- The 
lattice Ur^^ = A{K, p, Rx^) e A{K' , p, Rxo) is preserved by Z{nj,R^^). The 
bilinear form on U is given by the sum {—,—)k®{—,—)k>- The degeneracy 
map 5 is given by 

5 : A{K,p,Lx,)®A{K\p,Lx,) '"^^ A{J, p, Lx,), 
which is clearly Z(7^j^i^^)-linear. Obviously, kevS consists of all pairs 

{f,-.f), where 

/ G A{K,p,LxJnA{K',p,Lx,) = {G°K"' -invariant functions / G A}. 

The decompositions U = ker 5 © (ker 5)-^ and V = im6 ® (im 6)-^ are imme- 
diate because of the relation between the pairings and the inner product. 

7.3. Combinatorial Ihara Lemma. The proof of the following lemma is 
a straightforward generalization of [Tl, p. 274]. It asserts that the quotient 
Vr,^ n d{U) D d{URj is killed by G = 1. 

Lemma 7.2. We have that A{J, p, Rxq ) n 5[A{K, p, Lxq ) © A{K', p, Lx^ )] is 
equal to 6[A{K, p^Rx^) ® A{K' , p^Rx^)]. 
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Proof. Let us first set up some machinery for the proof. There are natural 
projections tt : Xj = G{F)\G{A°°)/ J" Xr and n : Xj ^ Xk'. We 
define an equivalence relation on Xj by saying that x,y £ Xj arc equivalent 
{x ~ y) iff there exists a chain x = xq, ■ ■ ■ ,Xd = y such that Vi: 7r(xj) = 
7r(xi+i) or 7r'{xi) = 7r'(a;j+i). This gives a partition of Xj into equivalence 
classes Xj. For each j, wc fix a representative y^ € Xj. Correspondingly, 
we have a radius function d : Xj — > Z>o defined as follows. Given x € Xj, 
there is a unique j such that x ^ yK Then d{x) is the minimal length 
of a chain connecting x to . Now, suppose ^ = S{f,f') G ^(J, p, i^^o) 
for some / G ^(i^, p, L^g) and /' G .4(ir', p, -L;^,,). We want to show g G 
(5(^(K,/>,i?Ao)©^(^',P,i?Ao))- 

We claim that we may assume that f(Tr(y^)) = for all j. To see this, note 
that Xk = U7r(X5) and Xk' = Utt'{X^j). We then define / G A{K,p,Lxo) 
such that 7|7r(X^) = /(7r(y^)), and /' G ^(iC', p, L^o) such that 7'|7r'(X^) = 
/(7r(yJ)). Then 

5 = '5(/-7,/' + 7') 

and (/ — /)(7r(y-^)) = for all j. This proves the claim. 

Prom now on assume that f{7T{y^)) = for all j. We claim, for every 
m > 0, that for every x G Xj with (i(x) = m we have that /(7r(x)) G .Rao 
and f'{7r'{x)) G i?Ao- We prove this by induction on m > 0. The case 
TO = is essentially just our assumption. Assume the statement is true for 
TO — 1 > 0. Consider x G Xj with d{x) = to. Let x = xq, xi, . . . , Xm = y-' 
be a chain of minimal length. Then x' = xi G Xj has d{x') = to — 1, so 
by induction /(7r(x')) G i?Ao and /'(7r'(x')) G i?Ao- However, 7r(x) = 7r(x') 
or 7r'(x) = 7r'(x'). In either case we get the statement for x. This proves 
the lemma, for then / G A{K, p, Rx^) and /' G .4(-fC', p, i?Ao)- Note that 
/(7r(x)) G i?Ao if and only if /'(7r'(x)) G i?Ao- □ 



8. Applying the Abstract Theory 



8.1. Computing S'^S. To apply the abstract theory it is necessary to com- 
pute (5^(5 explicitly. 

Lemma 8.1. The endomorphism S'^S is given by the 2x2 matrix 




Proof. Put k=[K -.J] and k' = [K' : J]. Recall that 6 (J^^^ = (/>f + G 

AiKM Also, .v,^ ^ (^,-,t:;/:'^^;'.)- 
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Let US write the endomorphism of f ^' I as S^d = ( *^ 

\A{K',p,Lxo)J \c 

where b : A{K' , p, Lxq) — >■ A{K, p, Lx^) and so on. Then 



(/l+/2,5l+52)j = ^0j),( 



c d) \g2 



fi\ ( agi + bg2 



J 

f I ' \ nn \ I / " (/i' «5i + bg2) K + (/2, c^i + d£?2)i<r'- 

^/2/ \cgi + ag2) J J / J 

Taking = = /a we get a^i = fc^i; with = = /2, we get 652 = keKg2; 

with /i = = 52 we get cgi = k'cK'gv, with = = 51 we get (ifi(2 = 

A;'52. □ 

8.2. The Main Lemma. In our situation, Corollary 2.1 gives the following 
crucial lemma. 

Lemma 8.2. Let f G A{K, p, Rxq) be an eigenform for Z{Ti.K,Rx^^) 
character rjf : Tk,r^ Rxq- Let i be the residual characteristic of \q. 
Suppose there exist at least two places v such that I \ |-ftr^|. Assume that 
there exists a place w of F such that f modulo Aq is not G^-invariant. 
Consider e^.K' = : J\[K' : J]K{eK * p-K' * c-k) & Z(Ti.K.z) where [K' : 
J]k = k' /{k',k) in the notation of the proof of Lemma 8.1. Suppose there 
is n with 



< n < vx,{7lf{eK,K') - [K : J][K' : J]k) - vx,{[K' : J] 
Then the reduction ofrjfo *ex modulo Aq factors through 



K). 



new 



Proof. (1) First we produce an eigenvector for Z(TCj^fi^^) in 
Ur^^ = A{K, p, Rx„) © A{K', p, Rxq). For that we take 

/= [K' : J]Kif,-rieK')f)eA{K,p,Rx,)®A{K',p,Rx,). 

The factor [K' : J]k is included since r{eK')f does not necessarily take val- 
ues in i^^o^ note that ex' =Xk'/ij^{K') = kxK' /k' iJ:{K), thus k'ex' /{k' , k) G 
'Hk,!.- Clearly, / is an eigenvector for Z{Hj^r^^). Its character is the com- 
posite 

r}f:Z{nj,Rj *^ Z{Hk,r,^) % Rx,. 
Indeed, for h G Z{n,iR^J, f G A{K,p,Rxo), we have h{f,-eK' ■ /) = 

{hexf, -eK'hexf) = r]f{heK){f, -eR'f)- 

(2) Using the explicit formula for 5"^ 5 in lemma 8.1 above, it follows that 

= m(-/,0), m = Vf{eK,K') - [K : J][K' : J]k. 
Note that (— /, 0) G Ur^^^. We claim that Corollary 2.1 applies with this 

m G -Raq- Indeed, m 7^ 0. If m = then / must belong to the kernel 
of 8. Then / must be invariant under the group (say, on the right), 
contradicting our assumption. 
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(3) Define 

r = {xe L:xf e A{K,p,Rx,)+A{K,p,Lxo)nA{K',p,Lxo)}. 

This is an i?;^Q-submodule of L containing R\q. We have ^ = L if / G 
A{K,p,Lxq) n A{K',p,Lxq)- However, / is not G° -invariant, hence / ^ 
A{K,p,Lx,)nA{K',p,Lx,). 

We claim that ^ is a fractional ideal. To sec this note that ii x £ J^, 
xf € A{K,p,RxJ+A{K,p,Lxo)nA{K',p,LxJ. Then Ak {x f , g) k G i?Ao 
by Lemma 6.2. Hence AK{J-,g)K^ C Rxq for every g G A{K, p^Rxq) n 
{A{K, p, Lx, )nA{K', p, Lxo))^. These g span {A{K, p, Lx,)nA{K', p, Lx^))^ 
so / must belong to A{K, p, Lx„) Ci A{K' , p, Lx„) if {f,g)K = for all such 
g. Thus {f,g)K is not identically zero, and is a fractional ideal. 

(4) Now, the nonzero ideal £ = J^~^ satisfies: 

£{Lf n [AiK, p, Rx,) + AiK, p, Lao) n A{K', p, Lx,)]) C RxJ. 

Therefore, £ = [K' : J]k£ satisfies the primitivity condition in corollary 2.1 
(recall that / = [K' : J]^(/, -r(e^O/)): 

£{Lfn {A{K, p, Rx,) e A{K', p, Rx,) + ker S)) C RxJ. 

Suppose that vao(^) / 0- Then JT^^ c Aq, thus Aq ^ C J-'. It follows that 
/ G XoiAiK, p, Rx,) + AiK, p, LxJ n ^(if', p, Lxo)). Hence / = Xoig + ^), 
thus / — Xog = Xoh G A{K, p, Lxg) H ^(iC', p, L;^q) is G2,-invariant. Hence 
the reduction / G A{K, p,¥x„) is G^-invariant. Hence uaoI^) = 0- 

Since i \ \Ky \ holds for at least one v ^ w,hy assumption, we can find Ak 
and Ak' indivisible by £ according to Lemma 6.2. Also we can take C = 1 
by Lemma 7.2. So if < n < vxo{m) - vxo{[K' : J]k) < vxo{mE-^£-^), by 
Lemma 2.1, 77^-modA^ factors through T}^^^^ ^Ao/^o- ^ 

9. Semisimplicity 

9.1. Semisimplicity in Characteristic Zero. Let tt be an automorphic 

representation of G{A) with tToo = Poo, t^t. ^ Ps and nonzero space tt^ 
of K (c G(A^))-fixed vectors. It is known that each ir^ is a simple 
module over Hk- Hence A{K,p,C) is semisimple. Moreover, by Schur's 
lemma, the center ZiTix) acts on vr^ by a C-algebra homomorphism ri^K : 
ZiTCx) C. For a character rj : Z{TCk) C, wc denote by A{K, p,C){'r]) 
the ?7-isotypic component. That is, the eigenspace A(K, p,C){r]) = {/ G 
A{K,p,C);r{(f))f = r]{4>)f,\/(l) G Z{T-iK)}- Then there is a direct sum de- 
composition A{K,p,C) = 0^^(i^,p,C)(r?). Clearly, A{K,p,C){ri) 7^ 
if and only if 77 = -q^K for some vr. The image T^^ C Endc A{K, p, C) of 
the center Z(Hk) is a commutative semisimple C-algebra, that is, a direct 
product of copies of C. 



ON LEVEL-RAISING CONGRUENCES 



23 



Lemma 9.1. The eigenspace A{K, p,C){rj) is nonzero if and only if rj fac- 
tors through Tk- 

Proof. Obviously, r/ factors if A(K, p,C){ri) / 0. Conversely, suppose r) 
factors and look at its kernel m = ker(r/) C Tk- This is a maximal ideal 
since im(r7) = C is a field. Since Tk acts faithfully on A{K,p,C), which 
is finite-dimensional, m belongs to the support of A{K, p,C), namely the 
localization A{K, p, C)^ is nonzero. By the theory of associated primes, m 
contains a prime ideal of the form Annir^ (/) with / G A{K, p, C) (Dummit 
and Foote, 3rd Ed., Sect. 15.4, Ex. 40, p. 730). All primes are maximal 
in Tk, so in fact m = AnnT^(/). Clearly m contains T — rjiT) for every 
T G Tk, so f G A(K, p, C)(?7), and / must be nonzero as m / Tk- □ 

Now, consider the TCk, Q-i^^iodule A{K, p, L), and the image Tk,q of the 
center Z(T[k.q) in the cndomorphism algebra End^ A{K, p, L). The algebra 
Tk,'Q, can be viewed as a subring of Tk — C ®q TK,i!i- We deduce that TK,<!i 
is a reduced commutative finite-dimensional Q-algebra, that is, a product of 
number fields by Nakayama's lemma: 

Tk,<q ~ -Li X • • • X Lt. 

Visibly, Tk,^^ is a semisimple Q-algebra. (The Lj occurring in Tk,q are 
totally real or CM.) 

9.2. Semisimplicity in Positive Characteristic. Now let i? be a field of 
characteristic p > 0. We are interested in when A{K, p, R) is a semisimple 

module over Z(TCk,r)- As we have just seen, this means that Tk.r is a 
semisimple i?-algebra. We have Tk,r — R ®Fp TK,¥p, so equivalently, when 
is Tx,Fp semisimple? 

There is always a surjective homomorphism ^ : Fp (g)^ Tk,z '^K,¥p- 
Indeed the image of ¥p ®i Tk,-l in Endp^ A{K, /j, Fp) equals the image of 
Fp (8)z Z{Hk,z), and the natural map from Fp (8)z Tk,z to Z{Hk,¥p) is onto. 

Put Tk,z = {T g Tk,q;T{A{K,p,Z)) c A{K,p,Z)}. This is a free finite 
Z-module containing Tk,z as a subgroup of finite index. 

Lemma 9.2. The kernel ker^ is nilpotent. R is trivial iff p\ [Tk,z '■ Tk,i]- 

Proof. For the first assertion it is enough to show that every element in ker(4) 
is nilpotent. Under the identification Fp (g)^ Tk,z — Tk,z/pTk,z, the kernel 
ker(0 corresponds to the ideal (Tx.zHpf K,z)/pT^,z. Let T e TK,znpTK,z- 
Obviously, Tk,z is integral over Z, so there is an equation 

(p-^T)" + a„_i(p-ir)"-i + • • • + ai(p-iT) + ao = 

for certain G Z. Multiplying by we see that T" G pTk,z- 
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For the last assertion, note that ker ^ = if and only if Fp (gig 
Fp ®i Tk,z is injective. □ 

In particular, ker^ is contained in the Jacobson radical. We let Tx.z 
denote the integral closure of Z in Tk,q- It contains Tk,z as a subgroup of 
finite index. 

Lemma 9.3. Ak := [Tx,z : Ti^.^'Ilj ^Li/Q then Tk,Wp is semisimple. 

Proof. Note that Fp (g)z Tk,z - Fp (g)z Tk,z since p f [fK,z ■ T^.z]- 

As p does not divide the discriminant A^,/q for each i, p is unrami- 
fied in every Lj occurring in TK,q- Hence Fp ^z ^K,z — WiRLi/pRhi — 

There is an embedding Tk,¥p — '^K,z/'^K,z n pl^K,z ^ ^k,z/p^k,z — 
Fp (8)z TftT^z- It follows that T^^Fp is semisimple. □ 

The converse holds at least for p \ [Tx,z : Ti<-,z] (that is, when ^ is 
injective). 

9.3. The Simple Modules. Let i? be a perfect field of characteristic p > 0. 

Up to isomorphism, a simple Z('Hx,_R)-niodulc is given by an extension 
R' /R with an action given by a surjective i?-algebra homomorphism r/ : 
Z{Hk,b.) R' ■ If R') is such a submodule of A{K,p,R), the extension 
R' /R is finite and rj factors through Tk,r. If P f A/^, there exists a finite 
extension L/R such that we have a direct sum decomposition 

A{K,p,L)=@A{K,p,L){rj). 

This is still true when p\Ak, provided A{K, p, L)(r]) denotes the generalized 
eigenspace: 

{/ G A{K, p, L);ycl>e Z{Hk,l), {r{<f>) - v{^)T f = 3n > 1}. 
Observe the following: 

Lemma 9.4. Let R he a field. Choose a finite extension L/R as above. 

Let L'/L be an arbitrary extension. Suppose r]' : Z{TCx.l') ^ ^' occurs in 
A{K, p, L'). Then rj' = l^rj for some character rj : Z{7iK,L) L occurring 
in A{K, p, L) . Moreover, 

A{K, p, L'){1 0rj)^L' A{K, p, L){rj), 

so rj and rj' = 1® rj occur with the same multiplicity. 

Proof. Both A{K, p, L) and A{K, p, L') ~ L' 0l A{K, p, L) have decomposi- 
tions into direct sums of generalized eigenspaces. Under this isomorphism, 
L' (g)L A{K,p,L){r]) ^ A{K,p,L'){l (g) 77). Therefore, every rj' occurring 
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in A(K, p, L') must come from an r/, and the above injection must be an 
isomorphism. □ 

Let us apply these results to a number field R = L'. We conclude that 
there exists a number field L/L' such that A{K,p,L) is a direct sum of 
eigenspaces for characters Z{TLk,l) L. Furthermore, if r/ : Z{'Hk) C 
is a character such that A{K, p,C){r]) 7^ 0, then i] restricts to a Q-algebra 
homomorphism Z(7iK,Q) L occurring in A{K, p, L). In addition, since 
Z{Hk,z) preserves A{K,p,Rl), r] even restricts to a ring homomorphism 
Z{Hk,i) Rl occurring in A{K,p, Rl). 

10. End of Proof 

10.1. Invariance Modulo A. Denote by A'^{K, p, ¥x) the space of the non- 
abelian modulo A relative to K automorphic forms in A{K, p,¥x)- 

Lemma 10.1. Choose a number field L/Q such that A{K,p,L) is a direct 
sum of eigenspaces. Put R = Rl. Let tt be an automorphic representation 
of G(A) such that tt^ 7^ 0, tts D ps? cind tt^o = Poo- 

Denote by rj = rj^x : 

Z{TIk,z) R the character giving the action on vr^. Let w be a place such 
that Kyj is hyperspecial, thus Gw is unramified. Suppose tt is non abelian 
modulo A relative to K, and rJ : Z{7iK,z) = R\o/^o denotes the 

reduction of rj. Then the eigenspace A^{K, p,¥x){fj) contains no nonzero 
G^'' -invariant functions. 

Proof. As observed above, rj occurs in A{K,p,Rxg), that is, there exists an 

eigenform 7^ / G A{K,p,Rxo) with r]f = r]. Let / = 1 / G A{K,p,¥) 
be the reduction of / modulo A, where F = Rx/X is a finite extension of 
F^. By scaling /, we can assume that / 7^ 0. Let us assume / is G^^- 
invariant. Now, G'^^^ is simple, simply connected and Gf^^ is noncompact. 
By the strong approximation theorem, / is in fact G'^*^'^(A°°)-invariant. In 
particular, dimps = 1. As H^{Fy, G'^'^^) = for each finite place v, there is 
a short exact sequence 

1 ^ G'^^'iA^) ^ G(A°°) ^ G^^(A°°) ^ 1. 

It follows that / lives on G^^(A°^). More precisely, there exists a unique 
function / : G^'^(A°°) — F such that f = f ou. It fits into the diagram 

Xk = G{F)\G{A'^)/K" ^—p ¥ 



Yk = i^{G{F))\G^^{A°°)/u{K") 

If is a ring we denote by A{K, p, R)^^ the module of i?- valued functions 
on Yk. Pulling back via u, identifies A{K, p, R)^^ with an 7Yx,ii-submodule 
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ofA{K,p,R). Then / / G A{K, p,¥)^^^^{fi). By Lemme 6.11 of [DS, p. 
522] we can lift fj to characteristic zero: there exists an eigenform 7^ /' G 
A{K, p, Lx)^^ such that its character rj' : Z{TiK.z) R\ reduces to fj modulo 
A. From the results of the previous section we see that in fact rj' maps into 
R, and it occurs in A{K, p, L)^^ (and therefore in A{K, p, Lx^ )^^). However, 
A{K, p, LxqY^ is just the space of L^o-valued functions on the finite abelian 
group Yk, so the characters form a basis. Wc conclude that there exists 
a character x such that r]{(p) = Vxi'P) for all (p £ Z{Hk,z)- This 

contradicts the assumption that tt is nonabelian mod A relative to K. Hence 
A^{K, p,¥x){fj) contains no nonzero G^^^-invariant functions. □ 



10.2. Proof of Theorem 0.3. Note that tt C A{K,p,L) for some number 
field L. The reduction fj^K modulo XD Rl factors through Tj^^^ , where 

Rxq is the completion of Rl at Aq, by the main lemma (Lemma 8.2). That 
is, there exists a character rj' : Z{Hj^r^^) — F;^ factoring through T"^^^ 

such that r]'{c/)) = rj^K{eK * (j)) (mod A) for all (f) G Z{Hj^r^^). As above, 
there is a surjective homomorphism with nilpotent kernel 

Thus 77' gives rise to a character Ty^^ — > F;^^, also denoted by rf'. By a 
standard argument (used above in section 8.2), there is an eigenform /' G 
A{J, p,¥xo)'^^'" with character rj'. Now we apply the Deligne-Serre lifting 
lemma, [DS, p. 522], to the finite free module A(J, p, Rxq)"^™ ■ It gives the 
existence of a character rj : T^^^ Rxg occurring in A{J, p, Rxo)'^^'^ ^iid 

reducing to 77', where Rxq is the ring of integers in a finite extension of L^o- 
Since T^^^^ preserves the lattice A{ J, p, Rx„)^'^'^ , the values ri{(f)) all lie in 
the ring of integers of some number field, Rjr^. We deduce that there exists 
a character rj : Z(Hj^r^) Rj^, occurring in A{J, p, Ly^'^'^ , such that 

rj{(p) = rj^K (cK *(p) (mod A) 

for all (p £ Z{'Hj,r)- From the decomposition of A{J, p, Lx^^) in terms of 
automorphic representations, it follows that the new space .4(J, p, L^q)"*'^ 
has the following description: 

A{J, p, LxX^"" ^ m{TT) ■ TT-'/{Tr^ + TT-^'), 

as Z('Hj)-modules. The center Z{7ij) acts on the quotient tt'^/{tt^ + tt^') 
by the character rj^j. We conclude that there exists an automorphic repre- 
sentation TT of G{A) with TToo = Poo J TTs D /9s and TT"^ 7^ TT^ + TT^ , such that 
775f J = rj. In particular, 

'7^-/(^) = ??7r^(ei<: * ^)(modA) 
for all ^ G ZiHj^Rj^). This finishes the proof. □ 
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11. Applications in Rank One 

11.1. U(3) - the Nonsplit Case. Let F be a local nonarchimcdean field. 
Suppose that the i^-rank of G'^'^^ is one. In this rank one situation the 
parahoric J = K D K' is an Iwahori subgroup, denoted /. 

Lemma 11.1. Ifn^ ^ tt^ + tt^' then ir^ = {0} = tt^' . 

Proof. Suppose vr^ 7^ {0}. Then vr is a constituent of a fully induced repre- 
sentation Ind(x), X being an unramified character of the maximal torus A 
in the Borel subgroup B of G, by [Bo] or [B]. There are two cases. 

If TT = Ind(x) then dime tt^ = 1 = dime tt^' . Indeed, the building of G is 
a tree and all vertices are special. Thus the maximal compact subgroup K' is 
special, so we have the Iwasawa decomposition G = BK', and BOK' = A(R) 
is the maximal compact subgroup in the maximal torus ^ in i?. Then 
f{g) = x{b), 9 = bk', b e B, k' e K', is well-defined, nonzero, fixed by K'. 

Now dime tt^ = [W] , and the number of elements [W] in the Weyl group 
of ^ in G is 2'''^(*^'^'"^), namely 2. Our assumption is that tt^ + Tr^' is not 
vr^, thus dimc(vr'^ + vr^ ) is 1. Hence tt^ = tt^ is a one-dimensional space 
fixed by K and K' , hence by G^ by Lemma 7.1, so that tt is a character, 
contradicting our assumption that tt = Ind(x)- 

The second case is where tt is strictly contained in Ind(x)- By [Bo] or [B], 
each constituent of Ind(x) has an Iwahori invariant vector. Hence dime = 
1. But TT^ + TT^' is strictly contained in tt^. Hence -k^ = ir^' = {0}. □ 

11.2. Proof of Theorem 0.4. This follows at once from Theorem 0.3, 
using Lemma 11.1. 

In the case of G = U(3) where w stays prime in E, let vf be the automor- 
phic representation we get from Theorem 0.3. By Lemma 11.1 and [Bo] or 
[B] , TT^ is a ramified constituent of a reducible unramified induced represen- 
tation. The constituents of the reducible unramified induced representations 
arc the nontcmpcrcd onc-dimcnsional and vr^ , which arc unramified, and the 
square integrable Steinberg and 7r+. See 11.3 below. But tt^'^' 7^ 0, hence 
TTw is Steinberg. 

Finally, [Kyj : lyj] = q"^ + 1, since Kyj is the fixer of a hyperspecial vertex 
V in the Bruhat-Tits building, which has + 1 neighbors, and 1^ is the 
fixer of an edge vv' . Thus [K^u, : 7^,] counts the number of edges initiating 
from the vertex v. Similarly [K'^ : 1^] = + 1 as K'^ is the fixer of the 
special nonhyper special vertex v', which has q^ + 1 neighbors. As + 1 
divides ql + 1, [K'^ : Iy,]K^ = 1. □ 

11.3. Reducibility of unramified representations. Let G be an unram- 
ified (split, or quasisplit and split over an unramified extension E) reductive 
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group over a p-adic field F. An irreducible representation of G has a nonzero 
vector fixed by an Iwahori subgroup iff it is a constituent of a representation 
induced from an unramified character of a minimal parabolic subgroup ([Bo] 
or [B]). This induced representation is parametrized by the conjugacy class 
of a semisimple element s in the connected dual group G if G is split, and 
in Ga if G is quasisplit and splits over an unramified extension E/F, which 
we take to be minimal, and denote by cr a generator of the cyclic group 
Gsl{E/F). Reducibility occurs precisely when there is a unipotent it / 1 in 
G with sus~^ = M^, where q is the residual cardinality of F (see e.g. [L]). 

In the quasisplit case, if s = s'a, the relation becomes s'a{u)s'^^ = u'^. 
If G = U(3, E/F unramified quadratic extension, thus the residual 

cardinality of E is q"^, the representation /(r/) induced from the unramified 
character rj : ^ a"' , t = diag(7r~^, l,7r) (tt is a uniformizer in F^) is 
parametrized by s = s'a with s' = diag(a, 1, 1) (which is in SL(3, C) up to 
a scalar multiple; our representation has trivial central character so it can 
be viewed as one on the adjoint form of the group). Writing u = [x, y, z] for 
the upper triangular unipotent matrix with top row (1, x, y) and middle row 
(0, 1,^;), we check that u{u) = [z,xz — y,x], s'a{u)s'~^ = [az,axz — ay,x], 
u'^ = [qx,qy + q{q — l)xz/2,qz]. Suppose s'a{u)s'~^ = u'^ and u I. If 
z 0, then x = qz, a = q^, y = qz'^/2. If z = then x = and —ya = qy 
implies a = —q. Thus reducibility occurs in two cases: 

(1) a = q^, the constituents are the nontempered trivial representation tr 
and the square integrable St; 

(2) a = —q, the constituents are the nontempered representation which we 
denote by tt^ and the square integrable tt"^. 

Put r = antidiag(l, — 1, 1) and r' = rt for the reflections in G with 
K = I U Irl and K' = I U Ir'I. The Iwahori algebra Hi (of compactly 
supported /-biinvariant C-valued functions on G) is generated over C by 
the characteristic functions T of Irl and T' of Ir'I, subject to the re- 
lations (T + l)(r - (f>) = and (T' + 1){T' - g) = 0; see, e.g., [Bo], 
3.2(2). The characteristic functions of K and K' are Tk = 1 + T and 
Tk' = l+T' . The functor F i— > is an equivalence from the category of 
representations of G with a nonzero /-invariant vector to the category of i//- 
modules. On the two dimensional ///-module /(r/)^ the element TT' acts as 
5^/2(i)diag(??(7r),r?(7r~i)) for some basis, where 5{t) = \ det[Ad(i)] Lie A'^]] = 
q'^, but T, T' are not diagonalizable with respect to a basis which diagonal- 
izcs TT'. When /(r/) is reducible, the constituents correspond to one dimen- 
sional representations of Hj. The possible images of T are —1 and q^, of T' 
are —1 and q. Thus on the trivial representation {T,T') {q^,q), and on 
the Steinberg (T, T') (—1, "1), so TT' acts on the corresponding induced 
/(r/) with eigenvalues ((?^,1) = q^ {q^ , q~'^) , and the induced is /(r/) with 
r/(t) = a equals Outt'': (T, T') ^ (q^, -1), on 7r+: (T, T') ^ (-1, g), so 
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TT' has eigenvalues {—cf\ —q) = q^{—q, —q ^) and the induced is I{'q) with 
r](t) = -q. Now the eigenvalues of (Tk,Tk') = (1 + T, 1 + T') are on tr: 
+ 1 + on St: (0,0), onvr'': (1 + 0), on 7r+: {0,1 + q). We conclude 
that the trivial representation has both (nonzero) K and K'-fixed vectors, 
the Steinberg has none, tt^ has a K-fixed vector but no K'-fixed vector, and 
TT"*" has a X'-fixcd vector but no K-fixed vector, thus vr^^ 7^ = t:^^ and 
Tr~^^ = ^ Tr~^^ . Clearly each I{r]) has both K and iiT'-fixed vectors. 



11.4. U(3) - the Split Case. Let E/F denote a totally imaginary quadratic 
extension £^ of a totally real number field F. Consider the quasi-split unitary 
F-group = U(2, 1) in 3 variables, split over E. Let G = U(3) be an 
arbitrary inner form of C^^ such that Goo is compact. Such exist since E is 
CM. The rank is odd, so we may even assume G is quasi-split at all finite 
primes, but we do not need that here. Let w be a prime of F split in E. 
Denote by the ring of integers in the completion F^ of F at w, and by 
q = qw the (residual) cardinality, of ¥yj = Ryj/w. Let we be a prime of 
E over w. Let us list the parahoric subgroups of GL(3,£'„,^) ~ GL(3,i^u,). 
There is the hyperspecial maximal compact subgroup = GL(3, Rw)-, and 
the Iwahori subgroup 



There is only one GL(3, Ftj;)-conjugacy class of maximal proper parahorics. 
Denote by tt^ a generator of the maximal ideal w in the ring Ryj of integers 
in Fyj. Put iJLw = diag(7r^,7r^, 1). Then 



is a representative. 



11.5. Proof of Theorem 0.5. We first need to classify all the Iwahori- 
spherical representations of GL(3, F^). It is a theorem of Borel [Bo] and 
Bernstein [B] that these are precisely the constituents of the unramified 
principal series. Let = | • | be the absolute value character on F^. Using 
the theory of Bernstein and Zelevinsky [BZ] we obtain the following table. 




g G K^jj : g = \{) * * (mod w) 
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constituent of 


representation 


unitary 


tempered 


I 




Xl X X2 X X3 


Xl X X2 X X3 


below 


Xi =1 


II 


a 


Xi^^''^ X xi^~^''^ X X2 


Xl StGL(2) XX2 




x» 


1 = 1 


\Xi\ = 1 




b 


X1X2' + 


Xi1gL(2) X X2 




Xi 


1 = 1 




III 


a 


X X X xz/ ^ 


XStGL(3) 




X 


= 1 


X =1 




b 




xVp 








c 




xVq 








d 




X1gL(3) 


Ix 


= 1 





Table A: Iwahori-spherical representations of GL(3) 

Only the representations of types I, Ila, Ilia are generic, and a represen- 
tation in Table A is square integrable iff it is of type Illa and |x| = 1- 

The irreducible representation Xi x X2 x X2 in case I is unitary if and 
only if cither all the Xi c'-re unitary, or XiX2'^ ~ with < a < 1 and xs 
unitary (after a permutation). In the table, P and Q denote the parabolics 
of G = GL{3,Fyj) of type (2,1) and (1,2) respectively. Moreover, Vp = 
C°°{P\G)/C and Vq = C~(Q\G)/C. They are not unitary, and therefore 
irrelevant for the theory of automorphic forms. Next, we list the dimensions 
of their parahoric fixed spaces: 







representation 


remarks 


K 


J 


/ 


I 




Xl X X2 X X3 




1 


3 


6 


II 


a 


Xl StGL(2) XX2 







1 


3 




b 


Xi1gL(2) X X2 




1 


2 


3 


III 


a 


X StGL(3) 










1 




b 


xVp 


not unitary 





1 


2 




c 


xVq 


not unitary 





1 


2 




d 


X1gL(3) 


irrelevant 


1 


1 


1 



Table B: Dimensions of the parahoric fixed spaces 

To compute these dimensions, we use the following observation: If P 
is parabolic and J is parahoric, a choice of representatives g G P\G/J 
determines an isomorphism 

for every representation r of a Levi factor A4p. In particular, ii P = B is the 
Borel subgroup and r is an unramified character, the dimension of Indg(r)-^ 
equals the number of double cosets \B\G/J\. With this information, the 
proof proceeds as follows. Theorem 0.3 gives an automorphic representation 
TT congruent to tt (modulo A) such that tt^"" 7^ vf,^"" +7?^™. Since tt^ must be 
unitary, we see from table B that it is of type I or Ila. Then, from table A, we 
derive that tt^ is generic and not L^. Finally, note that there is a bijection 
K/J ~ GL(3,F^)/P ~ M^qJ, whose cardinality is {ql - l)/{q^ - 1), so 
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[K : J] = 1 + Qu, + q^, Qu, = \Ru,/w\, but all maximal compact subgroups of 
GL(3,F^) are conjugate, so [K'^ : Jw]k^ = 1- □ 



12. Applications for GSp(2) 

In this section we view the symplectic group GSp(2) of rank two as an 
algebraic F-subgroup of GL(4) by realizing it with respect to the standard 
skew-diagonal symplectic form. With this choice, the set of upper triangular 
matrices form a Borcl subgroup B = TU. There are two maximal parabolic 
subgroups containing B. One is the Siegel parabolic 



P = Mp \K Np 



/I 



V 



r 



where "^g denotes the skew-transpose. The other is the Heisenberg parabolic 

/I c \ /I r sV 

11 1 1 

9 



Q = Mq^Nq 



det^. 



V 



— c 
1/ 



V 



V 



We consider an inner form G of GSp(2) such that G'^^''(M) is compact. 
Concretely we have G = GSpin(/), where / is some definite quadratic form 
in 5 variables over F. Let us first describe the parahoric subgroups of 
GSp(2,i^iy). There is the hypcrspecial maximal compact subgroup K^, = 
GSp(2, i?^), and the Iwahori subg roup lyj consisting of elements in Kyj 
with upper triangular reduction mod w. Similarly, P and Q define (non- 
conjugate) parahoric subgroups and called the Sicgel parahoric and 
the Heisenberg parahoric respectively. One can easily check that we have 
the identity, 



J'=Kwn hwKyjhJ-, where h^, = 



IT,,, I 



,1 = 



However, = Kyj n i^^, where K!^ is the non-special paramodular (see 
[Sch], p. 267) maximal compact subgroup containing lyj. Since P and 
Q arc not associated parabolics, the classification of the Iwahori-spherical 
representations of GSp(2, F^) is more complicated than for GL(3, F^). This 
is reproduced in Appendix 2 as Table C and Table D from Table 1 and Table 
3 of R. Schmidt [Sch]. We use the notation from Appendix 2. 



12.1. Proof of Theorem 0.6. Wc apply Theorem 0.3 to the Heisenberg 
parahoric Jw An easy computation shows that [K'^ : J^,] = q^j and [Ky, : 
Jw] = (qt - ^)/{Qw - 1), hence [K^ : Jw]Kyj = Qw We get an automorphic 
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representation vf, congruent to tt modulo A, such that the component at w 
satisfies the identity: 

W I w ' w 

In particular, tt:^^ ^ 0. We must have that vr^™ n tt^™ = 0, for otherwise 
dimTT^ = 1 and therefore vr is one-dimensional by the strong approxima- 
tion theorem. However, tt is assumed to be non-abelian modulo A. Thus, 
equivalently we have 

dimTf;^"' > dim??^'" -|- dimTr^^. 

Prom table 3 of [Sch, p. 269] (copied as Table D in Appendix 2), we deduce 
that this inequality is satisfied precisely when tt^ is of type I, Ila, Ilia, IVb, 
IVc, Va or Via. However, the representations of type IVb and IVc are not 
unitary and can therefore be ruled out immediately. We are then left with 
the possible types I, Ila, Ilia, Va and Via. Then from table 1 of [Sch, p. 264] 
(copied as Table C in Appendix 2), we read off that vr^ is generic. Indeed 
all the representations of type Xa are generic, for X arbitrary. 

Let us show that the types Va and Via can also be ruled out if we assume 
q"^ ^ 1 (mod A). Suppose first that tt^ is of type Va, that is, the unique 
subrepresentation of some | • |Co x Co x I • where has order two, 

in the notations of Sally- Tadic [ST]. By the main theorem, the center of 
the Heisenberg-Hecke algebra Z(7ij^^z) acts on by a character r/~j„ 
satisfying the congruence 

?7~j^ {(f)) = rj^K^ {cK^ *(!}) = Vii^K^ * 4>) (mod A), 

for all (f) G Z{Hj^^z)- We get immediately that the analogous statement 
is also true for the center of the Iwahori-Hecke algebra Z{TCj^^z)- This, 
however, acts by a character on the Iwahori-fixed vectors in the principal 
series | • [Co x Co x I ■ |~^^^<7 (for it has an unramified Langlands quotient, 
so it is generated by any nonzero if^-fixed vector). Hence Z{Hi^^z) acts 
on every constituent of this principal scries by the same character r?~i„ . In 
particular, the action of the spherical Hecke algebra 71x^,1 — Z(7ii^^z) on 
the Kyj-fixed vectors of the unramified quotient (type Vd) is given by a 
character congruent to rji . In terms of their Satake parameters we therefore 
must have (modulo the action of the Weyl group) : 

= diag(g-3/2, g-V2, qll^^ ql/^){mod\). 
Since ^o{iTyj) = —1 we conclude that q^ = —1 or q^ = —1 modulo A. 

Secondly, assume tTw is of type Via, that is, the unique irreducible sub- 
representation of some I • I X 1 XI I • \^^/'^a. Then, by the argument above, 
we conclude that the unramified quotient of this principal series must be 
congruent to 1. That is, in terms of their Satake parameters: 

diag(g~^/^(T(7r^), g~^/^o-(7r^), gi/^o-(7r^), ^^^^(Tr^)) 
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-3/2 „-l/2 ^1/2 ^3/2^| 

iw — 

if TT has trivial central character. □ 



It follows that q^ = l. The types I, Ila and Ilia cannot be excluded, even 



Appendix 1. Congruent Representations 



The compact open subgroups K C G{A°^) form a directed set by opposite 
inclusion, that is K =4 J K D J. Let i? be a commutative ring. As 
K varies over the compact open subgroups, the centers Z{Hk,r) form an 
inverse system of i?-algebras with respect to the canonical maps Z{Hk,r) 
Z{Hj,r) when if D J. Let 

In this limit, it is enough to let K run through a neighborhood basis at 
the identity. Thus -2^G(A°°),ii is a commutative i2-algebra, and it comes with 
projections {K D J) 




Z{Hk,r) 



■G(A°°),R 



eK*4>*- 




Z{Hj,r) 



All we have said makes sense for any locally profinite group, so in partic- 
ular we have local analogues Zg^,r for each finite place v. If /x = it 
follows that 

-2^G(A°°),i? - ^G„,il, 

lI<0O 

a restricted tensor product. Indeed the decomposable groups K = 
form a cofinal system. It remains to determine the algebras Zq^^r- By 
[B, 2.1], there exists a neighborhood basis at 1 consisting of compact open 
subgroups Ky C with Iwahori factorization with respect to a fixed 
minimal parabolic. If Gv is unramified, for such a Ky the canonical map 
Z{'Hk^,r) "^^v^ spherical Hecke algebra at v is an isomorphism 

[Bu]. This is a well-known result due to Bernstein when is an actual 
Iwahori subgroup. Therefore, 

Gv unramified =^ Zg^,r ^ 

The reason for introducing these objects is the following: Let tt = be an 
irreducible admissible representation of G(A). Then there exists a unique 
character 

^vr : ^G(A°=),Z C, 

such that % = fj^Ko^v^ for every K such that vr^ / 0. Uniqueness is clear, 
and the existence reduces to showing that % j (0) = r]^K {ek * 0) for if D J 
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when TT / 0. Similarly, we have characters locally, and % = (8ir/7r„ 
under the isomorphism above. If tt is automorphic and tToo = Poo, the 
character r/^r maps into the ring of integers of some number field. Our work 
suggests the following definition: 

Definition 12.1. Let vr and tt be automorphic representations of G{A), 
both Poo at infinity. Let A be a finite place of Q. Wc say that vr and vf are 
congruent modulo A, and we write vf = vr (mod A), if for all (p G '2^g(a°°),z we 
have 

%(^^) = %(^^) (mod A). 

Analogously, it makes sense to say that the local components tt^ and TVy 
are congruent. Then tt = vr (mod A) if and only iTy = vr^ (mod A) for all 
V < GO. Note also that if tt^ and tt^, are both unramified, then tTv = tt^ (mod 
A) means that the Satake parameters are congruent as it should. With these 
definitions, our results translate into those stated in the introduction. 



Appendix 2. Iwahori-Spherical Representations of GSp(4) 

In this appendix we reproduce parts of Table 1 and Table 3 in [Sch]. 
The tables in [Sch] contain more information than what is listed here (such 
as Atkin-Lehner eigenvalues and signs of £-factors). Below, we employ the 
notation of [ST]. Thus i' denotes the normalized absolute value of a non- 
archimedean local field. If xi , X2 and a are unramified characters, Xi ^ X2 x c 
denotes the principal series of GSp(2) obtained from 

T 3 diiig{x, y,zy'^,zx''^) h^- Xi{x)X2iy)(^{z) € 

by normalized induction. Similarly, if tt is a representation of GL(2), we 
denote by tt xi cr and a x tt the representations of GSp(2) induced from 
diag(X, z-'^X~^) H-s- Tr{X)a{z) and diag{z,X, detX) ^ cr(2;)7r(X) respec- 
tively. By L((— )) we mean the unique irreducible quotient (the Langlands 
quotient) when it exists. The representations r(5, v~'^l'^a) and r(r, v~^l'^a) 
are the constituents of 1 xi cr StGL(2) ■ They can be called limits of discrete 
series. The nontrivial unramified quadratic character is denoted by ^o- 

In the following Table C, a representation is generic iff it is of type I or 
Xa, and l? iff it is of type IVa or Va. 

In table D below, our notation is different from [Sch]: K is hyperspecial, 
K' is paramodular, J is the Heisenberg parahoric, J' the Siegel parahoric 
and / is the Iwahori subgroup of GSp(4). 



ON LEVEL-RAISING CONGRUENCES 



35 







constituent of 


representation 


tempered 


I 




Yi X Y9 X CT 


Yi X Y9 X (7 
Al A^ 


Xi 


= a =1 


II 


a 


Z^^'^/^Y X ^'""'^/^Y X (T. 


Y StriT lo\ X(T 


Ixl 


= |cr| = 1 




b 


/V, 7^ L ' J 


ylfiT (1\ X 0" 

/V, Vj J_J \ ^ j 




III 


a 


X X Z> X /^^-"^/^(T, 


y XI (7 Stn /9^ 


Ixl 


= kl = 1 




b 




Y X CrlpT o\ 




IV 


a 


z^^ X z/ XI v~^/'^a 


(7 StpQriM^ 


• 




b 




L((Z>^ Z^-VStGLf2))) 






c 




i((z^'/'StGL(2),i^"^^M) 






d 




^1gSp(4) 




V 


a 


i/^o X Co X z^-VV, 




• 




b 


Co' = 1, Co 7^ 1 








c 




L((zyV^eoStGL(2),eo^^-'/'^)) 






d 




^(Ko,Co XI/-1/V)) 




VI 


a 


Z/ X 1 XI Z/~^/^(7 


r(,S,z.-VV) 


• 




b 




r(r,z.-vV) 


• 




c 




i^(K/^StGL(2),^^-^/^^)) 






d 




L((i/,1 X 





Tabic C: Iwahori-sphcrical representations of GSp(4) 







representation 


remarks 


K 


K' 


J 


J' 


/ 


I 




Xl X X2 X (7 




1 


2 


4 


4 


8 


II 


a 


XStGL(2) X(T 







1 


2 


1 


4 




b 


X1gL(2) X cr 




1 


1 


2 


3 


4 


III 


a 


X X «TStGL(2) 










1 


2 


4 




b 


X X <7"1gL(2) 




1 


2 


3 


2 


4 


IV 


a 


0" StGSp(4) 
















1 




b 


L((zy^zy-VStGL(2))) 


not unitary 








1 


2 


3 




c 


i((^^'/^StGL(2),^-^/^^)) 


not unitary 





1 


2 


1 


3 




d 


1gsp(4) 


irrelevant 


1 


1 


1 


1 


1 


V 


a 












1 





2 




b 


i((z^"^/'eoStGL(2),^^-^/''T)) 







1 


1 


1 


2 




c 


^((i^'/'CoStGL(2),Co^^"'/V)) 







1 


1 


1 


2 




d 


i^(Ko,eo>^^^"'/M) 




1 





1 


2 


2 


VI 


a 


r(5, z/-V2^) 










1 


1 


3 




b 


r(T, Z/-V V) 













1 


1 




c 


i(K/^StGL(2),^^-^/V)) 







1 


1 





1 




d 


L((i/,1 X z^-^/V)) 




1 


1 


2 


2 


3 



Table D: Dimensions of the parahoric fixed spaces 
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